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A contemporary approach to studying commutative rings is to take
a given theorem for abelian groups, then interpret the statement for a
ring R. The validity of the new statement for R usually imposes some
w xrestrictions upon the structure of R. Warfield 32 showed that for tor-
sion-free abelian groups A and B, when A has rank 1, the natural map
 .Hom A, B m A ª B is an embedding with image equal to theEnd A.
subgroup of B generated by the elements of B whose types are at least
type A. In this article we determine the extent to which properties of the
integers come in to play in obtaining Warfield's result by investigating the
noetherian domains which support Warfield's result.
In deference to Albrecht, an integral domain R will be called sol¨ able if
 .for any rank 1 module A, the natural map Hom A, B m A ª BR End  A.R
 .has image containing the elements whose types in the sense of Reid are
 .at least type A, whenever B is a torsion-free End A -module. Also, R isR
called weakly sol¨ able if for every rank 1 module A, the natural map
 .Hom A, B m A ª B is an embedding for any torsion-freeR End  A.R
 .End A -module B. It follows that solvable domains are weakly solvable.R
For the remainder of the text, R will denote a noetherian domain. In
Section 1 we consider weakly solvable domains and show that R is weakly
solvable precisely when each rank 1 module is flat as a module over its
endomorphism ring. This in turn is equivalent to R being stable i.e., each
.ideal of R is projective over its ring of endomorphisms . In Section 2 we
show that stability is equivalent to being solvable as well.
Several authors have considered the generalization of Warfield's dual-
w x w xity result to noetherian domains 26, 15, 16, 9 . The terminology of 9
states that an integral domain R is a Warfield domain if for any rank 1
module A, the torsion-free modules B of finite rank satisfying
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  . .Hom Hom B, A , A ( B are precisely the modules which embed asR R nat
 . n w x End A -submodules of A for some n. It was shown in 9 and usingR
w x.different means in 16 that a noetherian domain is Warfield exactly when
every ideal is two-generated. In Section 2 we characterize noetherian
solvable domains in a manner analogous to the description of noetherian
w xWarfield domains in 16 . As a result it will follow that a noetherian
Warfield domain is solvable. The converse is not true as there is an
example of a noetherian solvable domain which is not a Warfield domain.
However, when R is an analytically unramified noetherian domain, the
notions of stability, solvability, weak solvability, and being a Warfield
domain are coextensive.
Below, Q is the quotient field of R, and Hom and m, when unadorned,
w xare with respect to R. Following the notation in 26 , given a torsion-free
module M, E denotes the ring of fractions of M which is just the ringM
 < 4extension E s r g Q rM : M of R in Q. When A : Q, then E sM A
 .End A under the natural identification. Note also that if S is a ringR
extension of R in Q, and N and M are torsion-free S-modules, then
 .  .Hom N, M s Hom N, M .S
1. NOETHERIAN STABLE DOMAINS
An integral domain R is called stable in the sense of Sally and
w x.Vasconcelos 28 if every ideal of R is projective over its ring of endomor-
phisms. In this section we explore properties of noetherian stable domains
which will be useful in later sections. Recall, as we are concerned mainly
with noetherian domains, local includes the noetherian supposition.
THEOREM 1. Let R be a local domain of Krull dimension 1. Any rank 1
module is finitely generated o¨er its ring of endomorphisms.
Proof. Let X be a rank 1 module. Up to isomorphism we may assume
w xthat R : X : Q. We adopt Matlis' insightful approach 21 of examining
the maximal divisible submodule of the torsion module T s XrR. The
 . w xmaximal divisible submodule of T is represented as h T in 21 . Write
 . w xDrR s h XrR , a divisible module. By Theorem 1.9 in 21 , XrD s
 .Trh T is reduced.
We first show that D is a ring and that X is a D-module; then we will
verify that XrA is a finitely generated D-module, completing the proof.
Given a s rrs with r, s g R, since ArR is divisible, D s sD q R.
Therefore, aD s rD q aR : D and D is a ring. If x g X, and x s ur¨
with u, ¨ g R, then as above, xD s uD q xR : X and X is an D-module.
Thus, D : E and it suffices to show that X is finitely generated over D.X
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Using the well-known Matlis duality, Matlis showed the artinian R-mod-
ules to be precisely the submodules of E n for some n, where E is the
w xinjective envelope of RrP and P is the maximal ideal of R 23 . Because
R is one dimensional and local, QrR is an essential extension of
the module Py1rR. Additionally, Py1rR embeds in E d, where d s
dim Py1rR, from which it follows that QrR is an artinian module. AsR r P
a quotient of the artinian module XrR, XrD is artinian as well as
w xreduced. Corollary 5.2 in 23 applies directly to show that XrD is finitely
generated.
 .Recall that a domain R is h-local if R has the two properties: a every
 .nonzero element is contained in finitely many maximal ideals and b any
w xnonzero prime ideal is contained in a unique maximal ideal 21 . Since
 .noetherian domains always have a , any one dimensional noetherian
domain is h-local.
LEMMA 2. Any noetherian stable domain R is one dimensional and is
therefore h-local.
Proof. A straightforward and elementary proof that a stable domain R
w xis one dimensional was given in 5 which we recall here for ease of
reference. Assume to the contrary that R has a height 2 prime ideal P,
and without loss of generality we may assume that R is local with maximal
ideal P. Then P is projective over its endomorphism ring S. Also, S is a
finitely generated ring extension of R in Q, so by the going-up theorem, S
is two dimensional and any maximal ideal N of S over P is a minimal
prime divisor of P. But by Krull's principal theorem, the height of N does
not exceed the number of generators needed for P. Since S is semilocal
and P is projective over S, P is a principal ideal of S; a contradiction.
THEOREM 3. If R is a local stable domain, then e¨ery ring extension S of
R in Q is a noetherian stable domain.
Proof. By Lemma 2, R is one dimensional, so by the Krull]Akizuki
theorem any overring of R in Q is noetherian. If S is finitely generated
over R, then any ideal I of S is isomorphic to an ideal of R, and because
 .  .  .End I s End I , S is stable. Let DrR s h SrR . As in the proof ofR S
Theorem 1, D is a ring and S is a finite extension of D. By what we have
just shown, it remains to argue that D is stable. Let J be an ideal of D
and set I s J l R.
We claim that J s DI. Set J9 s DI and pick 0 / x g J9. There is an
0 / r g R such that s s rx g I. Since DrR is divisible, D s sD q R :
J9 q R : D. Because J9 : J, the modular law applies to J9 q R s D
showing that J s J9 q J l R s J9. Designate E by E. Since E is semilo-I
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cal, I is a principal ideal in E. Thus, J s DI s DEI is a principal ideal of
DE. Because DE : E , it follows that J is projective over E . Therefore DJ J
is stable, and we conclude that S is stable as well.
LEMMA 4. If R is a noetherian domain, R is stable if and only if R isP
stable for e¨ery prime ideal P.
Proof. Given a prime ideal P and an ideal J of R , set I s J l R, soP
 .that I s J. If R is stable, I is projective as an Hom I, I -module. It isP
 .  .  w x.well recorded that Hom I, I s Hom I , I see Theorem 7.11 in 25 ,P P P
 .so J s I is projective as an E s E module. On the other hand, givenP I P J
 .an ideal I of R, I is projective as an E s E module when R isP I I P PP
stable. Thus I is E -projective.I
COROLLARY 5. If R is a stable noetherian domain, so is any ring extension
of R in Q.
Proof. By Lemma 2, R is one dimensional, so by the Krull]Akizuki
theorem, any ring extension S of R in Q is also one dimensional and
noetherian. From Theorem 3, S is stable for any nonzero prime ideal PP
of R. By Lemma 4, S is stable for any maximal ideal P9 of S over P.P 9
Since every maximal ideal of S lies over some maximal ideal of B, S isP 9
stable for all maximal ideals P9 of S. Thus S is stable by Lemma 4.
2. WEAKLY SOLVABLE DOMAINS
 .Given modules M and N, the natural map from Hom M, N mR EM
 .  .M ª N is defined by sending f m x ¬ f x , where f g Hom M, N andR
 .x g M, and will be signified by s N throughout the paper.M
DEFINITION. Let M be a specific torsion-free module over an integral
domain R. We will say that R is weakly M-sol¨ able if for any torsion-free
 .  .R-module N, the natural map s N : Hom M, N m M ª N is anM EM
embedding. If for every torsion-free module A of rank 1, R is weakly
A-solvable, then we say that R is weakly sol¨ able.
PROPOSITION 6. Let M be a torsion-free module o¨er an integral domain
R.
 .  .1 Then R is weakly M-sol¨ able if and only if Hom M, N mEM
M ( N for e¨ery finitely M-generated torsion-free module N.nat
 .2 If S is an extension of R in Q such that M is an S-module, then S is
weakly M-sol¨ able when R is.
 .Proof. 1 . To establish the equivalence, it is enough to assume the
latter condition and deduce the former, and this is done using a standard
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argument. Let N be any torsion-free R-module, and suppose t g
 .  .  .Ker s N . By the definition of s N , there are f g Hom M, N andM M j
 .a g M for j s 1, . . . , n such that t s  f m a and  f a s 0. Definej j j j j j j
 .N9 s  f M ; a finitely M-generated submodule of N. Because t gj j
 .Ker s N9 , by our assumption, t s 0. Therefore R is weakly M-solvable.M
 .  .For 2 , we simply note that Hom M, M s E , since S : Q. If N is aS M
torsion-free S-module, then N is a torsion-free R-module, hence
 .Hom M, N m M ( N when R is weakly M-solvable and N is finitelyE natM
 .  .M-generated. Since Hom M, N s Hom M, N , S is weakly M-solvableS
 .by 1 .
PROPOSITION 7. Let A be a rank 1 torsion-free R-module and R an
 .integral domain. Then R is weakly A-sol¨ able if and only if Hom A, B m AEA
 .is torsion-free for any torsion-free module B of finite rank . In particular, if A
is flat o¨er its ring of endomorphisms, then R is weakly A-sol¨ able.
 .Proof. If R is weakly A-solvable, then Hom A, B m A is isomorphicEA
to a submodule of B and is therefore torsion-free. Conversely, if B is any
 .torsion-free finitely A-generated module, then rank Hom A, B s rank B
 w x.  .see 26 , from which it follows that Hom A, B m A and B share theEA
 .  .same rank. But this implies that s B is an isomorphism since s B is anA A
 .epimorphism and Hom A, B m A is torsion-free of the same rank as B.EA
 .Now suppose that A is flat over E . Then Hom A, B is a submodule ofA
 .the torsion-free divisible module Hom A, QB and because A is flat,
 .Hom A, B m A is a submodule of the torsion-free divisible moduleEA
 .Hom A, QB m A. Thus the second claim follows from the first.EA
A beautiful description of the h-local domains is supplied by Matlis see
w x w x.21 and 22 . In particular, Matlis shows that a domain R is h-local if and
only if any torsion module T decomposes as [ T . In turn, thisPP g max R.
condition is equivalent to the property that R R s Q for any distinctP P 9
maximal ideals P and P9.
w xThe following is ``dual'' to an analogous result in 15 .
LEMMA 8. Let R be an h-local domain. If A is rank 1 and B has finite
 .rank and satisfies rank B s rank Hom A, B , then for any maximal ideal P
 .  .of R, Hom A, B s Hom A , B .P R P PP
 .Proof. Let P g max R be fixed. Decompose T s B rB sP
[ T in accordance with the h-local property of R. We obtain anP 9P 9g max R.
exact sequence
a
0 ª Hom A , B ª Hom A , B ª Hom A , T . .  .  .P
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 .  .Since Hom A, B and Hom A, B share the same rank, the image of aP
 .must be contained in the torsion submodule of Hom A, T , which in
 .turn must be contained in [ Hom A, T .P 9P 9g max R.
 .Since R is h-local, R R s Q for any P9 g max R different from PP P 9
 .  .as noted above . Thus, if T 9 is the torsion submodule of Hom A, T ,P 9
X  .then T s 0 since T 9 is a torsion R -module. It follows that Im a s 0P P 9 P
 .  .  .so that Hom A, B s Hom A, B s Hom A, B . A simpler argumentP P P P
 .  .shows that Hom A, B s Hom A , B from which the lemma is aP P P
consequence.
PROPOSITION 9. Let R be an h-local integral domain and A a rank 1
torsion-free module. Then R is weakly A-sol¨ able if and only if R is weaklyP
 .A -sol¨ able for all P g max R .P
Proof. Assume first that R is weakly A-solvable and let M be a
finitely A -generated torsion-free R -module. Given an epimorphism f :P P
n  n.A ª M set B s f A when A is identified in the natural manner as aP
submodule of A . Then B is an R-submodule of M with B s M andP P
 . w x   . .rank B s rank Hom A, B 26 . By Lemma 8, Hom A, B m A sE PA
 .Hom A , M m A ( M since R is weakly A y solvable. It followsR P E PP A P
from Proposition 6 that R is A -solvable. Conversely, let B be a finitelyP P
w xA-generated torsion-free R y module. Again from 26 , rank B s
 .  .rank Hom A, B . With P g max R , from Lemma 8, if we localize the
 .  .natural map s B : Hom A, B m A ª B at P, we obtain the isomor-A EA
 .phism Hom A , B m A ª B since R is A -solvable. It followsR P P E P P P PP A P .that s B is an isomorphism, so by Proposition 6, R is weakly A-solvable.A
LEMMA 10. Let R be a local domain and I an ideal of R with E s R. IfI
 .R is weakly sol¨ able, then for any ideal J of R, J s Hom I, JI .
Proof. Let P denote the maximal ideal of R. Given an ideal J set
 .  .J9 s Hom I, JI ; an ideal of the ring Hom I, I s R containing J. Sup-
pose, contrary to our claim, that J is properly contained in J9, and let T
represent the nonzero torsion module J9rJ.
Consider the diagram
J m I ªJ9 m I ªT m I ª 0
x x x
0 ª JI ª JI ª 0 ª 0.
The map from J m I ª JI is onto, and since R is weakly solvable, the
middle map J9 m I ( J9I s JI is an isomorphism. From the snake lemma
we infer that T m I s 0. By Nakayama's lemma, PT / T and PI / I, so
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that T m I maps onto the nonzero vector space TrPT m I s TrPT mR r P
IrPI. This is in contradiction to T m I s 0 and we must have J s
 .Hom I, JI .
THEOREM 11. Let R be a noetherian integral domain. The following are
equi¨ alent:
 .1 R is weakly sol¨ able.
 .2 E¨ery rank 1 module is flat o¨er its ring of endomorphisms.
 .3 E¨ery rank 1 module is faithfully flat o¨er its ring of endomor-
phisms.
 .4 R is stable.
 .  .Proof. 1 ª 4 . Given an ideal I of the weakly solvable ring R, we
need to show that I is projective over E . Inasmuch as E is weaklyI I
 .solvable Proposition 6 and noetherian, we may assume that E s R. TheI
classical version of Lemma 8 asserts that because I is finitely related,
) Hom I , B s Hom I , B .  .  .P R P PP
w x  .for any module B 25, Theorem 7.11 . For instance, E s E . BecauseI P IP
 .of ) , an argument like the one used in Proposition 9 can be used to show
that R is weakly I -solvable. But then Lemma 10 implies that J sP P
 .Hom I , JI for every ideal J of R . This leads to the conclusion thatP P P
 .J m I s Hom I , JI m I ( JI , which is a well-known criterion for IP P P P P P
w x  .being flat over R s E 27 . Therefore, I is projective over E s EP I P I P IP P
for all maximal ideal P of E from which it follows that I is projectiveI
over E .I
 .  .4 ª 3 . Let A be a rank 1 module over R. Corollary 5 implies that
S s E is stable. Being flat is a local property, while A is isomorphic toA P
 .an ideal of S s E , and because S is stable Lemma 4 , A isP A P PP
projective over S . Thus, A is flat over E .P A
To show that A is faithful over E , suppose T m A s 0. Recall thatA EA
 .E is stable Corollary 5 . Localizing A at a maximal ideal P of EA A
 .produces a free E -module by Theorem 1 and the stability of E . WeA P A
conclude that T s 0, and since P was arbitrary, T s 0.P
 .  .  .  .The implication 3 ª 2 is clear, and the implication 2 ª 1 is
contained in Proposition 7.
3. WARFIELD'S HOM]TENSOR RELATION
An extremely useful notion for torsion-free abelian groups is that of the
inner and outer types of a finite rank group. These types were defined by
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w x w x w xFuchs 12 and later developed by Warfield 32 . In 26 these types were
shown to exist for any finite rank torsion-free module over an integral
domain R. Two torsion-free modules M and N over an integral domain R
are called quasi-isomorphic if M ( L for some submodule L of N with
w xNrL bounded by a nonzero element of R. A type, A , is the quasi-isomor-
phism class of a rank 1 module, and the set of types is partially ordered by
w x w xasserting A F B when A is isomorphic to a submodule of B.
Given a torsion-free module M of finite rank, there is a unique rank 1
 .module A such that rank Hom A, M s rank M; and, if A9 is a rank 1
 . w x w x module with Hom A9, M s rank M, then A9 F A the uniqueness ofR
w x. w xA is up to quasi-isomorphism 26 . The type of A, A , is called the inner
 .type of M and is denoted by IT M when the ring R is understood. The
 .  .statement, type A F IT M simply asserts that Hom A, M has the rankR
of M.
DEFINITION. Given a rank 1 module A, an integral domain R is called
 .A-solvable, if for any torsion-free E -module M with type A F IT M ,A
 .  .the map s M : Hom A, M m A ª M is an isomorphism. If R isA EA
A-solvable for all rank 1 modules A, then R is said to be solvable.
We first point out that the solvable domains R are precisely the
domains which allow Warfield's Hom]tensor relationship, mentioned in
the Introduction, to hold when interpreted for the domain R.
PROPOSITION 12. Gi¨ en a rank 1 module A o¨er the integral domain R,
the following are equi¨ alent:
 .1 R is A-sol¨ able.
 .2 For any torsion-free E -module M of finite rank with type A FA
 .  .IT M , s M is an epimorphism.A
 .  .3 For any torsion-free E -module M, the image of s M is a pureA A
submodule of M, and consists of all the elements x g M such that the type of
the pure submodule of M generated by x is greater than or equal to type A.
 .  .  .Proof. 2 ª 1 . Assuming that s M is always an epimorphismA
under the conditions stated, we must show that R is weakly A-solvable. A
w xtheorem of Ulmer 31 states that the module A is flat as a module over its
endomorphism ring if and only if given any natural numbers n and m, and
given any map f : An ª Am, the kernel of f is A-generated. With K s Ker f
and B s Im f , consider the sequence
0 ª Hom A , K ª Hom A , An ª Hom A , B . .  .  .
 .Since for any torsion-free module C of finite rank, rank Hom A, C F
 n .rank C , and because rank Hom A , A s n, we must have
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 .rank Hom A, K s rank K. Furthermore, K is an E -module since E :A A
n  .  .Q and K is pure in A . By 2 , s K is an epimorphism. That is, AA
generates K. Thus A is flat over E and as a result R is weakly A-solvableA
 .  .  .Proposition 7 . Combining this with 2 yields 1 .
 .  .1 ª 3 . Let M represent a torsion-free E -module and supposeA
 .x g M is such that rx g Im s M for some 0 / r g R. Write rx sA
n  .  . f a , where f g Hom A, M and a g A. Set N equal to the purejs1 j j j j
 .  .submodule of M generated by f A , . . . , f A . We note that x g N.1 n
 .   ..  .Evidently rank Hom A, N s rank N since f g Hom A, N , so by 1 ,j
 .  .  .  .s N is an epimorphism. Thus x g s N : s M implying s M isA A A A
pure in M.
 .  .3 ª 2 . This is a consequence of the definitions.
Hence a domain R is solvable if and only if for any rank 1 module A
 .  .and torsion-free E -module M, the image of s M : Hom A, M mA A EA
 .A ª M is the pure submodule of M generated by all x g M for which
the type of the pure submodule generated by x in M is greater than or
equal to type A. It is an easy exercise to show, if one omits the stipulation
 .  .that M is an E module from either 2 or 3 above, then the resultingA
rings described as precisely the Dedekind domains.
Given a rank 1 module A, let G denote the class of finite rankA
 .torsion-free E -modules M for which type A F IT M .A
THEOREM 13. Let R be a noetherian domain. The following are equi-
¨alent:
 .1 R is sol¨ able.
 .2 For any two rank 1 modules A and B with type A F type B and
1  .E F E , Ext A, B is torsion-free.A B EA
 .  .3 For any rank 1 module A, Hom A, ] is exact on G .A
 .4 R is stable.
i .  .Proof. 1 ª 2 . Let 0 ª B ª M ª A ª 0 represent a torsion ele-
1  .ment in Ext A, B . Then for some 0 / r g E , with the left-hand squareE AA
denoting the appropriate push-out, the bottom row of the diagram
i
0 ª B ª M ª A ª 0
x f x 1 x
0 ªrB ª M9 ª A ª 0,
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 .splits. Since f is a monomorphism and rM9 F f M , it follows that type
 .  .A F IT M s IT M9 .
 .Now apply Hom A, ] to 0 ª B ª M ª A ª 0 to obtain
0 ª Hom A , B ª Hom A , M ª I ª 0, .  .
  .  ..where I is the ideal Im Hom A, M ª Hom A, A of E . As a result,A
there is a commutative diagram
f
 .  .Hom A, B m A ª Hom A, M m A ªI m A ª 0E E EA A A
g x g x g x1 2 3
i
B ª M ª A ª 0,
where i is the given embedding.
Since R is solvable, g and g are isomorphisms, so by the snake lemma,1 2
g is also an isomorphism. But, by commutativity of the diagram, Im g s3 3
IA and it follows that IA s A. If I / E , then I : P for some maximalA
ideal P of E . Certainly PA s A which implies that PA s A . Since R isA P P
also weakly solvable, Theorem 11 implies that R is stable. But by Lemmas
 .2 and 8 and Theorem 1, A is finitely generated over E s E so byP A P A P
Nakayama's lemma, PA / A . Therefore, I s E and the top row ofP P A
f
 .  .0 ªHom A, B m A ª Hom A, M m A ªR m A ª 0
x x x
i
B ª M ª A ª 0
splits. By the commutativity of the diagram, the original sequence 0 ª
1  .B ª M ª A ª 0 is split, implying that Ext A, B is torsion-free.EA
 .  .2 ª 3 . We will show, by induction on rank M for M g G , thatA
1  .Ext A, M is torsion-free. When rank M s 1, this claim is covered byEA
 .statement 2 . For the sake of induction, let K represent a proper pure
submodule of M and consider the induced sequence
a 0 ª Hom A , K ª Hom A , M ª Hom A , N .  .  .  .
f
1 1 1ª Ext A , K ª Ext A , M ª Ext A , N . .  .  .E E EA A A
 .Since rank Hom A, M s rank M , it must be that rank K s
 .  .rank Hom A, K and rank N s rank Hom A, N . Furthermore, since K is
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pure in M and E : Q, both K and N are E -modules. Thus K, N g G .A A A
By measuring ranks and employing induction, Im f is torsion in the
1  . 1  .torsion-free module Ext A, K . Thus, Im f s 0, and Ext A, M is anE EA A
extension of two torsion-free modules and is therefore torsion-free. Now
 .  .given a sequence aa 0 ª K ª M ª N ª 0 from G , referring to a ,A
1  .  .since Im f is torsion in Ext A, K a torsion-free module , Im f s 0 andEA
 .A is projective relative to aa .
 .  .3 ª 4 . Given an ideal I of R there is an exact sequence
0 ª K ª Sn ª I ª 0,
where S s E . The terms in this sequence necessarily belong to G and byI I
 .3 , the sequence splits. Therefore I is projective over E , and conse-I
quently R is stable.
 .  .  .  .4 ª 1 . Given M g G , we must show that s s s M : Hom A, MA A
m A ª M is an isomorphism. By Corollary 5, S s E is stable. ByE AA
Lemmas 2 and 8, by localizing s at a maximal ideal P of S, we may regard
 .s as the natural map s : Hom A , M m A ª M . By Theorems 1P P P P S P PP
and 11, A is a finitely generated, flat S -module and therefore free thatP P
.S is one dimensional comes from Lemma 2 . Therefore, s is an isomor-P
phism for each P, implying that s is an isomorphism.
COROLLARY 14. Let R be a noetherian domain. The following are equi-
¨alent:
 .1 R is sol¨ able.
 .2 R is weakly sol¨ able.
 .3 R is stable.
4. WARFIELD DOMAINS
Recall that R is called a Warfield domain if for any rank 1 module A,
the torsion-free modules M of finite rank satisfying M (nat
  . .Hom Hom M, A , A are precisely those modules which embed as E -A
submodules of An for some n. Let C represent the class of modules MA
just described. In comparison to Theorem 14 we present the main result
w xfrom 16 .
THEOREM 15. Let R be a noetherian integral domain. The following are
equi¨ alent:
 .1 R is a Warfield domain.
 .2 For any two rank 1 modules A and B with type A F type B, and
1  .E F E , Ext A, B is torsion-free.B A EB
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 .  .3 For any rank 1 module A, Hom ], A is exact on C .A
 .4 E¨ery ideal of R is two-generated.
PROPOSITION 16. A noetherian Warfield domain is sol¨ able, while the
con¨erse is untrue in general.
Proof. Let R be a noetherian Warfield domain. Then, by definition,
  . .Hom Hom J, S , S ( J for any ring extension S of R and ideal J of S.
Accordingly, the ring S is called reflexi¨ e in the literature. It is shown in
w x21 that reflexive rings are one dimensional.
Let A be a rank 1 module and S s E . Since S is one dimensionalA
 .  .  .noetherian, for any P g spec S , E s S Lemma 8 . By Theorem 1,A P P
w xA is isomorphic to an ideal in the reflexive ring S . As argued in 8 , AP P P
is a free S -module. We deduce that A is flat over E and by Theorem 11P A
and Corollary 14, R is solvable.
w xExample 5.4 of 28 shows how to construct a local domain R which is
stable, but not every ideal is two-generated. By Theorem 15 and Corollary
14, this domain is solvable but not a Warfield domain.
w xThe ring of the example from 28 mentioned above is analytically
ramified meaning that the integral closure of R in Q is not finitely
 .  .generated over R. The equivalence of 5 and 3 below has been docu-
 w x w x.mented in the literature see 29 or 11 , but we offer a proof just as well.
THEOREM 17. Let R be a noetherian domain such that the integral closure
of R in Q is a finitely generated R-module. The following are equi¨ alent:
 .1 R is weakly sol¨ able.
 .2 R is a Warfield domain.
 .3 E¨ery ideal of R is two-generated.
 .4 R is sol¨ able.
 .5 R is stable.
 .  . w xProof. The equivalence of 2 and 3 was first shown in 15 under the
present hypothesis. In light of Corollary 14 and Proposition 16, it remains
 .  .  .to verify 5 ª 3 . Since R is stable, R is one dimensional Lemma 2 . A
 w x.theorem of Cohen see 21, p. 35 states that every ideal of R is
two-generated if and only if for each maximal ideal P of R, every ideal of
R is two-generated. By Lemma 4, R is stable, so it is enough to considerP P
the case when R is local.
Let R represent the integral closure of R in Q and our proof will induct
on the length of the R-module RrR. A well-known theorem of Bass
asserts that every ideal of R is two-generated if and only if every ring
w xextension of R in R is a reflexive ring 8 . For the sake of induction, we
may assume that any ring extension of R in R, other than R, is a reflexive
ring, in order to show that R is a reflexive ring.
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Solely from the assumption that R is a finitely generated extension of
the one dimensional local domain R, there exists an ideal I of R for which
  . .E s R and Hom Hom J, I , I ( J for every ideal J of R. Such an ideal II
w xis called a canonical ideal for R. Theorems 10.2, 10.3, and 15.7 in 23
combine to show that R has such an ideal under the current assumptions.
Since R is stable, I is projective over R, and since R is local, I ( R. This
makes R a reflexive ring.
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